A mathematical model of steering feel based on a hysteresis model is proposed for Steer-by-Wire systems. The normalized BoucWen hysteresis model is used to describe the steering wheel torque feedback to the driver. By modifying the mathematical model of the hysteresis model for a steering system and adding custom parameters, the availability of adjusting the shape of steering feel model for various physical and dynamic conditions increases. Addition of a term about the tire dynamics to the steering feel model renders the steering wheel torque feedback more informative about the tire road interaction. Some simulation results are presented to establish the feasibility of the proposed model. The results of hardware-in-the-loop simulations show that the model provides a realistic and informative steering feel.
Introduction
In road vehicles, the steering action is performed through the mechanical link between the wheels and the steering wheel. When the road wheels are steered, a reaction torque, which is mainly based on the self-aligning torque (SAT), occurs at the steering wheel, and the driver experiences the steering feel. Since the steering feel has a significant effect on the handling quality by providing the driver with accurate control of the vehicle, it is recognized as an essential feedback to the driver [1] . Due to many factors-such as the external forces acting on the driver in maneuvering a vehicle, the interaction between the driver's arm and the steering wheel, and other sensory information to the driver-the effect of torque feedback on the driver is not understood well. Although there are studies in the literature on objective and subjective evaluations of the steering feel [2] [3] [4] [5] [6] [7] [8] , they are still in their infancy.
The steering technology after active front steering appears to be the Steer-by-Wire (SBW) technology for the road vehicles. Researches on SBW are mainly conducted in the fields of active steering control and steering feel [9] [10] [11] [12] [13] . In SBW systems, elimination of the steering column results in the loss of connection between the front road wheels and steering wheel. A force-feedback system becomes indispensable for providing a steering feel to the driver. The need for generating a virtual steering feel has substantially drawn the attention along with the studies on the control of SBW systems. In some researches, conventional steering feel was studied and promising results were obtained [14, 15] . In order to calculate the steering wheel motor torque, a torque map, which depends on the steering wheel angle and vehicle speed, was introduced by Kim et al. [16] . Some studies report the use of road wheel reaction torque by measuring the forces at road wheel (rack force) real-time to provide a torque feedback to the driver [17, 18] . A few researches have proposed some force-feedback models which use information from vehicle dynamics save for the self-aligning torque [19] . Particularly, attention is given to the use of lateral acceleration and yaw rate in the design of steering feel model. These variables appear as highly related to the steering, though how they can be used in designing the steering feel is not clear.
Most of the studies in the literature mainly or partially use estimated SAT information to generate the conventional steering feel [20] [21] [22] [23] . Estimation of SAT brings some difficulties and complexity. Also, it is not suitable for lower velocities and when the vehicle is stationary. An additional approach seems to be needed to reproduce the steering feel in such 2 Mathematical Problems in Engineering cases, when the model based on the SAT is not applicable. On the other hand, it is important to note that using SAT in developing steering feel model would cause a problem in the steering maneuver of the driver, while an active steering control is in operation. Simply, use of the self-aligning torque means the steering motion of the road wheels is reflected to the driver. The interference of corrective control command of the active steering control results in a different steering motion of the road wheels apart from the driver's steering command. Feeding the SAT back to the driver during steering would have a disturbing effect.
The steering wheel torque had to be designed so that the vehicle dynamics influencing the steering wheel torque reflects the maneuvering dynamics correctly. In the design of steering feel, the reflection of road wheels and road interaction to the driver is of crucial importance. In provision of this feedback, the steering wheel torque in the steering wheel system can be generated based on either the force signal from load cells attached to the rack or the mathematical model of steering wheel torque which is indispensably dependent on the estimation of tire parameters. When the cost, replacement, and calibrations of the load cell are taken into account, it is understood that the estimation based model would be more suitable.
It can be said, based on the studies of steering feel in the literature [24] , that the most important and main characteristic influencing the steering feel is evident in the relation between steering wheel angle and steering wheel torque feedback. In real driving tests, this relation was identified as a curve resembling to the Lissajous curve [25] and used by Morita et al. [26] as a criterion or mostly described as a hysteresis curve.
As stated by Balachandran and Gerdes [23] , the steering feel model is designed so that it must be both complex enough to capture all elements of steering feel and simple enough to be tuned intuitively. There is still no general and sufficient model for designing the steering feel in the literature. We understand that the model defining the steering feel should be characterized by not only objective measures but also subjective measures obtained by the results of driving tests done by human drivers. In the search of a flexible model with appropriate fidelity, hysteresis-based model has arose. In this respect, it is necessary to emphasize that since the subjective evaluation of steering response is not within the scope of this study, the steering feel actually refers to the artificial steering feedback in this work.
The purpose of using hysteresis-based model is twofold. First, the elimination of mechanical connection in the steering system poses an essential question: what would be the form and magnitude of steering wheel torque compared to the one in conventional vehicles? There is no requirement or evidence that they both must be the same. In the search of answer, the hysteresis-based model would be a useful tool by providing the flexibility and the ease of design and tuning. Second, the hysteresis-based model can pattern the hysteresis characteristic appearing in the conventional steering systems.
The experimental studies in the literature show that a lag characterizes the relation between the steering wheel angle and the steering wheel torque feedback. It is well-known that the vehicle dynamics is dominated by tire dynamics. Mainly the relaxation length in a tire is responsible for the lag, which delays the tire side forces [27, 28] . The behavior of hysteresis curve is also characterized by a lag between input and output. In this context, the Bouc-Wen hysteresis model has been selected to model the steering feel [29] . Its mathematical simplicity and suitability for modeling the mechanical systems have been the factors in selecting the Bouc-Wen model.
The Bouc-Wen hysteresis model itself cannot describe the steering dynamics of a vehicle fully. The effect of speed on steering feel is one of the parameters influencing the steering dynamics. At higher speeds, the vehicle may not be controlled for higher steering angles. The torque feedback felt by driver at high speeds restricts the driver from turning the steering wheel excessively. In the same way, it is expected that the driver makes less effort to turn the steering wheel for larger angles at lower speeds. By making the shape of hysteresis speed dependent, namely, relating the gradient of the hysteresis curve with the longitudinal velocity, the steering wheel torque has been generated at the correct level. Another aspect of the steering dynamics is the interaction between tire and road. The variation in the lateral tire force is valuable feedback to the driver. The hysteresis model itself does not hold dynamics at the contact patch level. To keep the driver informed about the lateral dynamics of front tires, a term has been added to the hysteresis model. This term holds the information in the variation of lateral tire force. The pneumatic trail of a tire presents rich information in this respect, and it can be obtained through estimation. By using the pneumatic trail in this term, the reduction in the SAT due to the saturation of lateral tire force can be reflected to the driver.
To test the performance of the proposed steering feel model system, the hardware-in-the-loop (HIL) simulation approach has been used. The hardware-under-test emulates the steering system of a conventional passenger car. The software part consists of a 10-DOF full vehicle model and the target control system. To perform simulations, two case studies based on standard test procedures have been presented: the weave test and double lane-change test. The performance of a vehicle with hysteresis-based steering feel model has been compared with the same vehicle with SAT-based model. The reason of selecting the SAT-based model is to compare the proposed steering feel model with the steering feel generated in conventional vehicles. In this way, a realistic comparison could be done.
The outline of this work is as follows: In Section 2, the Bouc-Wen hysteresis model is introduced and the steering feel model based on this hysteresis model is proposed. The HIL simulation environment is introduced in Section 3. The standard test procedures are described and the results of case studies are given in Section 4.
Steering Feel Design
In conventional steering systems, the motion of steering wheel is transmitted to the road wheels mechanically. The resulting rotation of road wheel in a vehicle with longitudinal Mathematical Problems in Engineering 3 velocity causes the generation of lateral force acting on the wheel. The lateral force with respect to swivel axis creates the self-aligning moment. Another tire moment, the jacking torque, which causes self-centering effect at low speeds, occurs due to the effect of normal forces in the rotated wheels. Additionally, the effect of inertia and damping in the steering system contributes to the total torque felt in the steering wheel together with aforementioned moments.
In SBW systems, the rotational motion of the steering wheel is processed by an electronic control unit and transferred to the steering actuator attached to the rack. In theory, the desired steering feel for an SBW system can be reproduced independently of the static and dynamic effects of steering system in a conventional vehicle. However, by decoupling the steering wheel from road wheels, the reaction torque occurred in road wheels, which directly affects the neuromuscular system of a driver through steering wheel, the human driver becomes mechanically isolated from the dynamic interaction of road wheels and road. The loss of such very direct feeling deprives the driver of an important feedback.
The steering wheel torque experienced by a driver is an important piece of information, since this feedback signal facilitates the safety and quality of driving significantly [1] . Providing the steering feedback to the driver has an effect on improving the driver's ability to evaluate the state of vehicle. Thus, the driver learns and stores the knowledge of nonlinear vehicle dynamics.
Bouc-Wen Model of Hysteresis.
One of the nonlinear behaviors usually encountered in physical systems is the hysteresis. This behavior in terms of input-output relation is characterized by memory. The output is formed depending upon the history of the input signal in the systems with memory. For instance, hysteresis characterizes the restoring force that materials generate against the movement in mechanical, aerodynamic, and structural systems. In those systems, the restoring force is dependent on not only the instantaneous deformation but also the history of deformation [30] .
Hysteresis encountered in many applications, including magnetic, superconducting, optical, adsorption, economic, and mechanical applications. In modeling the hysteretic processes, one of the widely known models to describe the behavior of ferromagnetic materials was suggested by Preisach, as geometric interpretation of the model proposed by Weiss and Freudenreich [31] . The other well-known models of hysteresis were studied by Duhem [31] , Ishlinskii [31] , Chua and Stromsmoe [32] , and Jiles and Atherton [33] . The reader can refer to the work of Mayergoyz for other mathematical models for hysteresis [34] . From among those models, the Bouc-Wen model or its derivatives can be used to model hysterical systems, especially for modeling the structures, magnetorheological dampers, base isolation systems, and various dampers [35] . Bouc-Wen model is adopted in this study to model the steering wheel torque.
Bouc-Wen model of hysteresis is introduced by Bouc and generalized by Wen [36, 37] . This model describes the output restoring force to the input displacement in the form of a first-order nonlinear differential equation. The nonlinear hysteretic behavior of a physical system can be described as a map ( ) → Φ( ), where and Φ( ) represent the time histories of an input and hysteretic output, respectively. It is known that, for any bounded input ( ), the output Φ( )( ) is bounded [35] . The hysteretic behavior can be described by the Bouc-Wen model:
where , , , , , , and are the parameters controlling the shape of hysteresis loop. It is apparent that there are seven parameters to be determined in this model. Another model exactly equivalent to this standard model is preferred in this study, since it needs the identification of less parameters. By defining
the model can be written as
with an initial condition (0), where
Equations (3a) and (3b) are known as normalized form of Bouc-Wen model. If the initial condition ( ) is guaranteed such that
The parameters are all unknown and can be set to obtain the desired shape of hysteresis. The displacement, ( ), and the velocity,( ), can be acquired from sensors.
Some mechanical systems with hysteresis can be represented by a mass-damper system and a hysteresis element as shown in Figure 1 . Such mechanical system holds the dynamics of the steering system studied in this research.
The second-order mechanical model for such a system can be defined as follows:
with initial conditions (0) and(0). The system is excited by an input force, . The restoring force, Φ( )( ), is assumed to be described by the normalized Bouc-Wen model given in (3a) and (3b). This mathematical model forms the basis for this study. The input-output hysteretic behavior of normalized Bouc-Wen model is shown in Figure 2 . A sinusoidal signal with increasing amplitude from 0 to 1 has been employed as input in (3a) and (3b). As can be seen from Figure 2 (b), after the transient behavior, limit cycle of the hysteresis occurs. Since it is a normalized model, the output stays between −1 and 1. Here, the parameters are arbitrarily selected as = 0.01, = 1, = 2, = 0.05, and = 2. In order to determine the role of parameters on controlling the shape of the hysteresis loop, the one-factor-at-a-time method is applied. In this method, one parameter is varied at a time while the others are kept fixed at preselected values. Even though this method gives us only local results, it is still quite useful in understanding the control of the hysteresis loop. The values of parameters given previously are taken as nominal values. By varying one parameter at a time in (3a) and (3b), for the same sinusoidal signal input, the restoring force outputs have been plotted against the displacement as shown in Figures 3(b)-3(f) .
To evaluate the results given in Figures 3(b)-3(f), we can define the properties of a hysteresis loop given in Figure 3 (a) as (i) the abscissa deadband as the distance between the upper and lower points where the curve crosses the vertical line, (ii) the ordinate deadband as the distance between the leftmost and rightmost points where the curve crosses the horizontal line, and (iii) the hysteresis gradient as the ratio of change in restoring force to change in displacement. When the input is the steering wheel angle and the output is the steering wheel torque, the hysteresis gradient implies the steering stiffness. The parameter has an effect mainly on the hysteresis gradient. The extremum points of the hysteresis loop are also affected by the change of parameters in (3a), since Φ( )( ) is proportional to the value of , as well as to the value of . The main effect of is on the abscissa deadband. As shown in Figure 3(d) , is responsible for the ductility of the shape and controls the hysteresis gradient without affecting on the extremum points of the loop. By increasing , the maximum value of the hysteretic output reaches to unity asymptotically. Another parameter responsible for the hardening and the softening of the shape is . It also controls the ordinate deadband. The last parameter influences the transition from linear to plastic behavior.
As a side note, among the parameters controlling the shape of the hysteresis, is the least sensitive and is the most sensitive to parameter changes [38] . For more detailed and analytical studies on the parameter variations of the Bouc-Wen hysteresis model, the reader can refer to the work of Ikhouane and Rodellar [35] .
Mathematical Model of the Steering Feel.
The model of the steering system can be described as a nonlinear system, whose inputs are the steering wheel angle, , the longitudinal velocity of the vehicle, , and the pneumatic trail, , and whose output is the steering wheel torque, sw , generated by an electric motor. The illustration depicting the signal flow between components of the system is given in Figure 4 . The details of the physical setup and vehicle dynamics model are described in Section 3. In Figure 4 , steering wheel system represents the physical system with angular position signal, which is . While is an input to the mathematical model of vehicle, it is fed to the steering feel model at the same time. Another input employed in the steering feel model is the longitudinal velocity of the vehicle, . The third input, , is used to reflect the tire road interaction to the steering feel model. The Bouc-Wen hysteresis model introduced in the previous section is used as the steering feel model to produce the unknown restoring force.
The steering system can be modeled as a single degree-offreedom system
where sw and are the system inertia and the damping coefficient, respectively. The angular position of the steering wheel is represented by , while sw denotes the commanded steering reaction torque characterizing the hysteretic behavior of the steering. The torque applied to the driver, , appears as the combined effects of inertia, damping, and the steering reaction torque on the left-hand side of (6).
Speed Dependency of the Model.
In driving a vehicle, it is known that the range of steering angle used by the driver is greater in lower speeds than that of higher speeds. In general, the torque feedback at higher speeds is used by the driver to control the vehicle, whereas the steering angle is used at lower speeds. Based on this fact, the relation between the steering angle and the feedback torque must not be considered as linear. The variation of SAT for different longitudinal velocities, where the same sinusoidal steering input is applied to the vehicle, is shown in Figure 5 (a). Note that the values of torques, forces, and displacements are normalized to one in these figures. As can be seen from the figure, the gradient and ductility of the hysteresis loops vary depending on the speed. It is clear that, as in power assisted steering systems, the speed must be employed in the generation of steering feel. For this purpose, the parameter is designed as a function of longitudinal velocity, . The effect of function ( ) on the shape of hysteresis loop in different speeds, for the same parameters aforementioned, can be seen in Figure 5(b) .
The function ( ) is determined depending on the dynamic characteristics of a vehicle. In this study, a linear function is selected: ( ) = . Here, is a constant coefficient. It is understood from Figure 5 ( ) is able to form the shape of hysteresis loop depending on the longitudinal velocity.
Integration of the Tire Road Interaction.
If the reproduction of the steering wheel torque based on the steering angle has a big role on the steering feel, it can be said that the feedback torque reflecting the tire road interaction to the driver has a critical role. The SAT plays this critical role and holds information as an indication of approaching the lateral limits of tire. As the tire approaches its limit, the SAT and the steering wheel torque reduce, even if the lateral force increases. In conventional vehicles, such reduction in the steering wheel torque is a crucial feedback and warns the driver of the potential hazard [39] . The decrease after the SAT value reaches its peak value due to tire force saturation can be seen in Figure 5 (a) for higher velocities. Such situation may occur not only in higher velocities, but also in lower velocities when the friction force is low as well.
The SAT is generated by the lateral force acting at the pneumatic trail, and both are variable. It is empirically known that the pneumatic trail goes to zero while the SAT is decreasing. We find that the pneumatic trail is a key factor in the dynamic interaction of tire and road. Use of tire lateral force in early determination of the limits for small angles may not be satisfactory. However, the pneumatic trail has potential of enabling the early detection of the tire's handling limits, since it is sensitive to the friction limit even when lateral force is in the linear region of handling [40] . To calculate the pneumatic trail, a tire model [41] , or an estimation approach, for example, as discussed by Judy Hsu et al. [40] , can be used.
As motivated by the decrease in steering wheel torque when the cornering force saturates in conventional vehicles, the restoring force output defined in (3a) can be altered. Instead of modifying the hysteresis model, the torque representing the decrease is incorporated into the steering wheel torque. Thus, the reduction in steering wheel torque, , can be defined as proportional to the restoring force and as a function of the pneumatic trail, :
where is the normalized longitudinal velocity, and it can be defined as = / max . By selecting a maximum longitudinal velocity, max , the effect of decreasing torque can be incorporated into Φ( )( ) depending on the longitudinal velocity. The parameter can be used to keep the limits of hysteresis near each other, although use of it in (7) may be optional. If (3a) and (7) are arranged, can be integrated with the restoring force so as to constitute the steering wheel torque and, thus, (3a) can be rewritten as
The effect of torque reduction is tested for different initial velocities, 0 , by applying a sinusoidal steering input to the vehicle. The values of parameters are those given in Section 2.1. The results for Φ( )( ) with torque reduction based on (8) are given in Figures 6(a)-6(c) together with the plots of Φ( )( ) without torque reduction. The variation of in different velocities for the same steering input is seen in Figure 6 (d). After some value of is reached, a distinguishable effect of torque reduction can be noted in the figures. Note that the change of SAT for different, especially higher, velocities is given in Figure 5(a) . A different form of torque reduction is obtained here compared to the reduction form that appears in SAT. At higher velocities, the effect of occurs as a sudden reduction, where a notable change in the kinesthetic sense of a human driver can take place. This kind of change as a feedback to the driver can be more informative about the dynamic condition of tires.
The Final Model.
Based on the normalized Bouc-Wen model given in (3a) and (3b), the hysteresis-based steering feel model for a road vehicle can be built by adding the speed dependency and tire road interaction to the model. By defining the normalized steering wheel angle, = / , where denotes the steering wheel angle and is the maximum steering wheel angle from the center, the hysteresisbased steering feel model can be introduced as
where sw is the steering wheel torque to be generated by the steering wheel actuator. In (9a), can be treated as an optional term, since its significance depends on the generation of side-slip angle. In vehicles with very low speed, such as agricultural vehicles or earth-moving machinery, would have a neglected contribution to sw due to very small values of side-slip angle.
HIL Simulation System
An HIL simulation environment has been designed for the steering system with the steering feel model to evaluate the designed mathematical model. In the HIL simulation environment, a hardware-under-test is substituted for its mathematical model in a simulation model of the whole system, and an interface between the physical system and the mathematical model representing rest of the vehicle is designed. In this research, the steering wheel system is the hardware-under-test. The HIL simulation environment is introduced here without entering into details.
For HIL simulations, a driving simulator with a steering wheel system has been built as shown in Figure 7(a) . The physical system, steering feel model, and mathematical model of the vehicle all were interfaced with each other in a closedloop by means of a controller board. The steering system mainly consists of the steering wheel and an electric motor attached to the steering wheel by a flanged connector. The NSK6 Megatorque direct drive motor, which is an AC servo motor with 12 Nm maximum torque, is used as the actuator. In this study, the servo motor is controlled in the torque mode by sending the control signal generated as a voltage from designed controller to the motor driver through the controller board.
The embedded software part mainly consists of the steering feel model and the vehicle model. The vehicle model and the steering feel model were designed in Matlab6, Simulink, and the I/O connections with the controller board were made through Simulink. The built code of simulation model has been embedded to the dSPACE6 DS1103 rapid controller prototyping board.
In order to have realistic results, a detailed nonlinear model of the vehicle has been used in the simulations. The mathematical model is a 10-DOF full vehicle model, which consists of the chassis and suspension dynamics. The vehicle body has 6-DOF, and each of four wheels has 1-DOF. The vehicle is a front wheel steered vehicle. It is accepted that the front and right wheels have the same steering angle, which is 1-DOF, and this DOF is not included in the model since it is represented by the physical system. The mathematical model of vehicle is not given here, but the reader is referred to the works of Abe and Kiencke and Nielsen for the mathematical models used in this study [41, 42] .
The well-known brush tire model [43] is used to model the tires. The model used for the self-aligning torque generated in a tire is also based on the brush tire model. In calculating the SAT, the effect of steering kinematics due to the kingpin inclination, the caster angle, and the camber angle is ignored. The friction coefficient between road and tire is calculated by a function of side-slip velocity for a dry road condition. The vehicle model takes into consideration the vertical load change for each wheel separately due to roll and pitch motions of the body.
The reader is referred to the work of [9] for the validation of the same vehicle model used in this study. As indicated in that work, the validation study showed that the vehicle model is appropriate for performing HIL simulations accurately. The steering feel model described in Section 2 was employed in the driving simulator. The steering angle is directly fed from the encoder of servo motor to the models of steering feel and vehicle. The steering feedback torque calculated by (9a) and (9b) is converted to the voltage signal and sent to the servo motor driver. General architecture of the HIL simulation environment is shown in Figure 7 (b). The graphical environment has been designed by using the software MotionDesk by dSPACE. The virtual reality part of the simulation has been carried out by a high performance computer, which provides a high quality visual feedback. Also, any time delay in the motion of vehicle in the graphical environment in response to the input of driver has not been experienced.
The return-to-center response of steering wheel from an off-center release affects the handling of a vehicle. The design of a position controller for obtaining a desired return-tocenter response, which is particularly characterized by the damping behavior of the steering wheel, is not included in this study. An additional position controller can be considered for the proposed system for a desired response, although the steering wheel returns to the center satisfactorily in the steering system with hysteresis-based steering feel model, thanks to the current torque control.
Test Results
The proposed steering feel model has been tested in the test setup and compared with a model based on SAT. The SATbased model is simply obtained by multiplying a predetermined gain by the SAT signal, which is calculated through the formula given in the work of Abe [41] . Tests have been done for two case studies: Weave test and double lane-change test. In the tests, the driver, who has almost twenty years of driving experience, has not known which steering feel model is used when the test started. Additionally, the steering feel model has been randomly selected by the simulation program for each test.
In all tests, the vehicle has started its motion from a stationary state and has been accelerated by the cruise control system according to the reference velocity. The data of interest presented as simulation results have been taken from the instant at which the vehicle enters into the test region. It has not been possible for the vehicle to enter the test region at the same instant for all tests. To be able to present neat and understandable plots, all test data have been shifted in time relative to a selected test data. For this purpose, crosscorrelation technique has been employed to find the lag between data by measuring their similarity. Therefore, the reader should note that some plots have been shifted in time.
Weave Test.
According to ISO 13674 [44] , the open-loop test procedure requires the steering wheel to be subjected to an oscillatory input. The vehicle is driven at the test speed and a sinusoidal steering input is applied by a human driver. A similar test approach based on this standard test procedure has been used in this study.
In the graphical test environment, a test track following a straight line path has been created and pylons at 40 m intervals were placed. The speed of vehicle has been kept constant during the tests through a cruise controller. A human driver has tried to keep the angular velocity of steering wheel as near constant as possible during the tests.
In the weave tests, both the hysteresis-based model and SAT-based model have been used to generate the steering wheel torque feedback. In Figures 8 and 9 , the results obtained through the use of SAT-and hysteresis-based models in the tests are given. The longitudinal velocity of the vehicle has been kept near 60 km/h. The frequency of the sinusoidal inputs applied by the driver is around 0.2 Hz. In the five weave tests, for each steering feel model, the driver has tried to drive around 25 pylons. In order to show that both models are matched, a result of weave tests completed with both models is chosen. The torques produced in the steering wheel through both models during the weave test are shown in Figure 8 . The data are not shifted in time to be able to present both signals clearly. This plot indicates that the peak torque magnitudes are within the same band, and the overall magnitudes can be used to calculate the workloads.
The time histories of lateral displacements enable us to decide whether a comparison can be made between two sets of tests. In Figure 9 (a), averages of lateral displacements obtained from each five weave tests are shown. The plots make clear that the vehicles have followed very similar paths around the pylons. Since the deviations of lateral displacements with respect to each other are quite small as seen in Figure 9 (a), it is understood that the steering motions have been very similar and, thus, a fair comparison between the tests can be made. By looking at the lateral acceleration of the vehicles, Figure 9 (b), almost the same responses for both cases can be identified.
The steering wheel angle versus steering wheel torque plots are shown in Figure 9 (c) for each set of tests. Even these plots seem quite similar; there are two main differences between the shapes in these figures: (i) the gradient in the hysteresis-based model is less than that of the SATbased model and (ii) the peak values in the SAT-based model are higher than that of the hysteresis-based model. Such difference has been made intentionally by designing the hysteresis loop with selection of parameters as = 0.01, = 1, = 0.1, = 1, and = 0.1. Having a smaller gradient means that the steering wheel becomes less stiff for the driver.
The effect of different steering feel models on the driver can be evaluated in the sense of physical workload, which describes the physical work done by the driver in turning the steering wheel. There are a few measures in the literature to describe the physical workload. In the work of Tajima et al. [45] , the magnitude of physical workload is calculated by the integral of squared steering wheel angle rate. For this study, a new measure, the integral of steering power, is introduced in order to incorporate the steering wheel torque into the calculation of workload:
where represents the final time for the steering task. Based on this measure, the workload has been calculated for each test, and the results are shown in Figure 9(d) . The difference between the average values results from the difference between peak values seen in Figure 9 (c).
All results of this test indicate that the given slalom task can be accomplished by the vehicle with both steering feel models. While the time histories of lateral acceleration given in Figure 9 (b) are very close to each other, the physical workload values are different, Figure 9 (d). Note that the smaller values of workload in the results of test of hysteresisbased model are due to the design of hysteresis shape as explained above. The significant result to be emphasized is that the same task has been accomplished with less effort of the driver in the vehicle with hysteresis-based model. By setting the parameters for the hysteresis-based model to have smaller gradient than the SAT-based model, the driver's workload has been decreased.
Double Lane-Change Test.
To test the performance of hysteresis-based model in a severe lane-change manoeuvre, a test scenario has been created based on the standard ISO 3888-1 [46] . Compared to the weave test, this test is used to investigate the transient road-holding abilities of a vehicle. A vehicle at a given speed is first driven to another parallel lane and then returned to the initial lane, without exceeding lane boundaries. The entry speed has been selected as 60 km/h, and the double lane-change track has been designed based on the dimensions given in the standard ISO 3888-1. The results for this test are given in Figures 10(a)-10(d) .
In Figure 10 (a), the averages of lateral displacements obtained from each five weave tests are given for the same reason discussed in Section 4.1. The plots make clear that the vehicles have followed very similar paths around the pylons. Since the deviations of lateral displacements with respect to each other are quite few as seen in Figure 10(a) , it is understood that the steering motions have been very similar and, thus, a fair comparison between the tests can be made. By looking at the lateral acceleration of the vehicles, Figure 10(b) , almost the same responses for both cases can be identified.
The steering wheel angle versus steering wheel torque plots are shown in Figure 10 (c) for each set of tests. The same parameters given in Section 4.1 for the hysteresis-based model have been used for this case as well. The generated steering wheel torque is so affected by the rapid lateral movement of the vehicle that the upper and lower parts of the shapes seen in Figure 10 (c) become curved compared to the ones in Figure 9 (c). The change of lateral tire forces as a consequence of higher tire slip angles is responsible for such differentiation.
Based on the measure given in (10), the workload has been calculated for each test, and the results are shown in Figure 10 (d). In this case, the difference between peak values seen in Figure 10 (c) does not explain the difference between the both average values of physical workloads. The reason is that lower steering wheel angles and velocities have been experienced by using the hysteresis-based model.
Conclusion
The design of a steering feel by using a hysteresis model was proposed and its tests were studied in this paper. The motivation behind using a hysteresis model is that the hysteresis-based steering feel model can pattern the hysteresis characteristic appearing in the conventional steering systems. The mathematical model of the steering feel is based on the Bouc-Wen model of hysteresis. The model was modified for designing the steering feel, and optional parameters were added to facilitate the adjustment of hysteresis shape. While incorporation of the tire road interaction to the model and its speed dependency make the steering feel model more realistic, the availability of hysteresis shape parameters of the Bouc-Wen model makes it a flexible model.
To evaluate the hysteresis-based model, an HIL simulation environment was developed. The steering wheel system as the hardware-under-test was interfaced with the software part by a controller board, in which the steering feel model and vehicle simulation model were embedded. The vehicle model used in the experiment is a 10-DOF full vehicle model. The steering feel model was tested based on standard test approaches using the HIL system for two case studies; the weave test and double lane-change test. The torque in the steering wheel motor was generated by either two models: hysteresis-based model and SAT-based model. In a comparative study, the performances of models were tested. In the weave test, the effect of steering feel on the dynamics of a vehicle was discussed by comparing the test results of both models. The same models were also tested for the double lanechange. The results of tests have shown the effectiveness of the proposed steering feel model. The hysteresis-based model can be designed more easily compared to other models due to its design flexibility in wider ranges and forms. Since the steering related motion of road wheels or their interaction with the road is reflected to the model indirectly, even though the pneumatic trail is used in the model, this proposed model is not directly affected by the interference of active steering control commands. In conclusion, the research shows that hysteresis-based steering feel model provides a realistic and informative steering feel to enable a comfortable and safe driving, and the model would be a useful tool by providing the flexibility and the ease of design and tuning.
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